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THE µ-PERMANENT, A NEW GRAPH LABELING, AND A KNOWN
INTEGER SEQUENCE
MILICA AND¯ELIC´, CARLOS M. DA FONSECA, AND ANTO´NIO PEREIRA
Abstract. Let A = (aij) be an n-by-n matrix. For any real number µ, we define the
polynomial
Pµ(A) =
∑
σ∈Sn
a1σ(1) · · · anσ(n) µ
ℓ(σ) ,
as the µ-permanent of A, where ℓ(σ) is the number of inversions of the permutation σ in
the symmetric group Sn. In this note, motivated by this notion, we discuss a new graph
labeling for trees whose matrices satisfy certain µ-permanental identities. We relate the
number of labelings of a path with a known integer sequence. Several examples are
provided.
1. Introduction
Given an n× n matrix A = (aij) and a real number µ, we define the µ-permanent of A
as the polynomial
(1.1) Pµ(A) =
∑
σ∈Sn
(
n∏
i=1
aiσ(i)
)
µℓ(σ) ,
where ℓ(σ) is the number of inversions of the permutation σ in the symmetric group Sn
of degree n, i.e., the number of interchanges of consecutive elements necessary to arrange
σ in its natural order [13, p.1] or, equivalently,
ℓ(σ) = #{(i, j) ∈ {1, . . . , n}2 | i < j and σ(i) > σ(j)} .
For example, we have
Pµ
(
a11 a12
a12 a22
)
= a11a22 + a
2
12µ
and
Pµ

 a11 a12 a13a12 a22 a23
a13 a23 a33

 = a11a22a33 + a11a223 µ+ a212a33 µ+ 2a12a23a13 µ2 + a213a22 µ3 .
The µ-permanent of a square matrix is a natural extension of the determinant (setting
µ = −1) and the permanent (setting µ = 1) which is in fact quite hard to compute [5,
p.190]. In addition, making µ = 0, we get the product of the main diagonal entries of the
matrix.
This concept was introduced independently and almost simultaneously by different
authors by a quarter of a century ago under different names in matrix theory and,
surprisingly, in Grassmann algebras and quantum groups: q-permanent is just one of
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them [3–5, 9, 11, 12, 14, 15, 18–20]. Here we adopt one of the possible ways to call this
matricial function (cf. also [6–8]).
Listing 1 presents a Mathematica [21] routine for computing the µ-permanent of a
square matrix.
Listing 1. Routine to compute the µ-permanent
inversionList[s_] := Module[{i, inverse = Ordering[s]},
Table[Length[Select[Take[s, inverse[[i]]], (# > i)&]],
{i,Length[s] - 1}]]
inversions[s_] := Apply[Plus, inversionList[s]]
permanent[A_, mu_] := Module[{n = Length[A]},
Sum[Product[A[[i, s[[i]]]], {i, n}]* mu^inversions[s],
{s, Permutations[Range[n]]}]]
We believe that this code will be particularly useful for further developments on the
properties of the µ-permanent.
It is clear that in general, under similarity, the µ-permanent does not keep the same
value, i.e., the polynomial Pµ(A) is not necessarily the same as Pµ(BAB
−1), for B nonsin-
gular. In particular, for permutation similarity. This means that interchanging rows and
columns of the same indexes leads to possible different µ-permanents. Since interchang-
ing rows and columns does not change the underlying graph of the matrices involved, but
the labeling of the vertices, we conclude that the µ-permanent of a graph depends on its
labeling.
After a first attempt to extend monotonic properties of the µ-permanent of Jacobi
positive definite matrices to more general acyclic matrices [8], it has recently been noticed
a particular labeling for which the previous properties were indeed satisfied [6].
In this note we aim to discuss this new labeling for trees, counting them for paths. Inci-
dentally, this process will lead to a new interpretation for a well-known integer sequence.
2. A new graph labeling
Given a symmetric matrix A, the graph of A is defined by the zero-nonzero off-main
diagonal pattern of A. In general, the vertex labeling is not much discussed in matrix
theory since most of the results involve the spectra of matrices, which do not change by
such labelings. For example, the underlying graph of a tridiagonal matrix is a path with
the vertices ordered successively 1, 2, . . . , n and edges joining consecutive vertices i and
i+ 1:
t t t t t. . .
1 2 3 n− 1 n
However, as we mentioned in the introduction, this is not the case for the µ-permanent
of a square matrix. For instance, we have
Pµ

 a11 a12 0a12 a22 a23
0 a23 a33

 = a11a22a33 + a11a223 µ+ a212a33 µ ,
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which is a polynomial of degree 1, and
Pµ

 a11 a12 a13a12 a22 0
a13 0 a33

 = a11a22a33 + a212a33 µ+ a213a22 µ3 ,
which in turn has degree 3. The “graph” is the same but the labeling is not, i.e.,
t t t
1 2 3
and
t t t
2 1 3
respectively.
In order to establish several general results for the µ-permanent, recently in [6], the
second author introduced the following labeling:
Labeling 1. Given two disjoint edges ij and kℓ, say i < j, k < ℓ, and i < k, then one of
the following conditions must be fulfilled:
(i) i < j < k < ℓ
(ii) i < k < ℓ < j.
To the best of our knowledge, this labeling is new and will be referred to in the remaining
of this paper as a µ-labeling. For example, we have the following:
t t
t t t
t 
 
 
 
 
❅
❅
❅
❅
❅❅
1 4
2 5
6
3
Interestingly, not all graphs allow such labeling: a complete graph of more than 3
vertices is just an example. However, any tree allows labelings satisfying the conditions
described. In what follows, we present an algorithm to construct one of such labeling:
Algorithm 1. Let us consider a tree with a given number of vertices.
Step 1. Choose any vertex from the tree and label it with 1, which will be the root.
Step 2. Take the largest path attached to vertex 1.
Step 3. Label the vertices of this path by 2, 3, . . . , k, where (i, i + 1) is an edge, for i =
1, 2, . . . , k − 1.
Step 4. Choose the vertex with largest label in the previous with degree greater than two,
say ℓ.
Step 5. Repeat step 2., replacing 1 by ℓ.
Step 6. Repeat step 3., labeling the vertices of the path by k + 1, . . . , k′.
Step 7. Once all vertices of degree more than two were considered, restart from 2., choosing
the second largest path attached to the root and proceed until all vertices were
considered.
We remark that, if there is more than one path attached to the root of the same largest
size we choose arbitrarily one of them. Clearly, this is not the only way to construct such
labeling.
As a simple example of the algorithm, we have
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t t t t tt
t t t t t t
1234
5 6
7 8
91011 12
Returning to the µ-permanent, as a consequence, for any n× n matrix A whose graph
is a tree with the vertices labeled as described before, one always has
Pµ(A) = aiiPµ(Ai) +
∑
i∼j
|aij|
2Pµ(Aij)µ
ℓ(ij),
for any vertex i, or
d
dµ
Pµ(A) =
∑
i∼j
ℓ(ij)|aij |
2Pµ(Aij)µ
ℓ(ij)−1 ,
with i < j, (cf. [6–8]). Here, AS is the matrix obtained from A replacing the rows and
columns indexed by S, by zero, except the entries in the main diagonal, which are 1’s.
3. Counting labelings for paths
In this section we confine our study to paths. Our algorithm provides the following
example for a path of 5 vertices:
t t t t t
5 1 2 3 4
The following labeling is also a possibility
t t t t t
2 1 3 4 5
but
t t t t t
2 1 4 3 5
is not.
A Mathematica routine that computes all the possible µ-labelings for an order n path
is given in Listing 2. For example, the distinct µ-labelings for a path with for 4 vertices
are
{1, 2, 3, 4} {1, 2, 4, 3} {1, 4, 2, 3} {1, 4, 3, 2}
{2, 1, 3, 4} {2, 3, 1, 4} {2, 1, 4, 3} {3, 2, 1, 4} .
Table 3.1 presents the number of distinct µ-labelings for paths of order up to 11, which
were computed with the same routines.
Remarkably, this exhaustive enumeration leads us exactly to the integer sequence
A001792 of the The On-Line Encyclopedia of Integer Sequences [17]. This sequence has
many different interpretations. Originally, we will find it in [10] (cf. also [1, Table 22.3])
in the absolute value of the coefficients of xn for the Chebyshev polynomials of the first
kind Tn+2. The most simple formula is perhaps (n + 2)2
n−1, for each positive integer n.
This sequence emerges also from the Bernoulli’s triangle rows sums [2, 16]. Nonetheless,
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Listing 2. Mathematica routine to test and compute µ-labelings
qPermutations[n_] := Flatten[Table[Flatten[{i, #, j}] & /@
Permutations[Complement[Range[n], {i, j}]],
{i, n}, {j, n, i + 1, -1}], 2]
testPermutation[perm_] :=
Module[{pair1, pair2, i, j, k, l},
Catch[
For[p1 = 1, p1 <= Length@perm - 3, ++p1,
pair1 = Sort@perm[[{p1, p1 + 1}]];
For[p2 = p1 + 2, p2 < Length@perm, ++p2,
pair2 = Sort@perm[[{p2, p2 + 1}]];
If[First@pair1 < First@pair2,
{i, j} = pair1; {k, l} = pair2,
{i, j} = pair2; {k, l} = pair1];
If[ i > k || (j > k && l > j), Throw[False]];
]
];
Throw[True]
]
]
labelings[n_] := Select[qPermutations[n], testPermutation]
Table 3.1. Total number of µ-labelings
order #labelings
2 1
3 3
4 8
5 20
6 48
order #labelings
7 112
8 256
9 576
10 1280
11 2816
we can recent find a vast number of interesting interpretations for this sequence. Namely,
it is the determinant of the square matrix with 3’s on the diagonal and 1’s elsewhere, or
the absolute value of the determinant of the Toeplitz matrix with first row containing the
first n integers [17].
Regarding other Mathematica routines, one can find several collected in [17] such as:
matrix[n Integer /; n >= 1] := Table[Abs[p - q] + 1, q, n, p, n];
a[n Integer /; n >= 1] := Abs[Det[matrix[n]]]
or
g[n , m , r ] := Binomial[n - 1, r - 1] Binomial[m + 1, r] r;
or
Table[1 + Sum[g[n, k - n, r], r, 1, k, n, 1, k - 1], k, 1, 29]
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or
LinearRecurrence[4, -4, 1, 3, 40]
or even
CoefficientList[Series[(1 - x) / (1 - 2 x)^2, x, 0, 40], x]
One interesting open question is formally prove that this new labeling leads to the
integer sequence A001792.
References
[1] M. Abramowitz and I. A. Stegun, eds., Handbook of Mathematical Functions, National Bureau of
Standards, Applied Math. Series 55, Tenth Printing, 1964.
[2] A. del Arte, D. Forgues, Bernoulli’s triangle, OeisWiki, seen on February 17, 2016.
[3] R.B. Bapat, Interpolating the determinantal and permanental Hadamard inequality, Linear Multi-
linear Algebra 32 (1992), 335-337.
[4] R.B. Bapat, A.K. Lal, Inequalities for the q-permanent, Linear Algebra Appl. 197/198 (1994), 397-
409.
[5] R.B. Bapat, T.E.S. Raghavan, Nonnegative Matrices and Applications, Cambridge University Press,
London, 1997.
[6] C.M. da Fonseca, The µ-permanent revisited, submitted
[7] C.M. da Fonseca, The µ-permanent of a tridiagonal matrix, orthogonal polynomials, and chain
sequences, Linear Algebra Appl. 432 (2010), no. 5, 1258-1266.
[8] C.M. da Fonseca, On a conjecture about the µ-permanent, Linear Multilinear Algebra, 53 (2005),
225-230.
[9] M. Hashimoto, T. Hayashi, Quantum multilinear algebra, Tohoku Math. J. 44 (1992), no. 4, 471-521.
[10] C.W. Jones, J.C.P. Miller, J.F.C. Conn, R.C. Pankhurst, Tables of Chebyshev polynomials, Proc.
Roy. Soc. Edinburgh. Sect. A. 62 (1946), 187-203.
[11] A.K. Lal, Coxeter Groups and Positive Matrices, Indian Statistical Institute, Delhi Center, India,
1992.
[12] A.K. Lal, Inequalities for the q-permanent. II, Linear Algebra Appl. 274 (1998), 1-16.
[13] T. Muir, A Treatise on the Theory of Determinants, New York, Dover, 1960.
[14] M. Noumi, H. Yamada, K. Mimachi, Finite-dimensional representations of the quantum group
GLq(n;C) and the zonal spherical functions on Uq(n− 1)\Uq(n), Japan. J. Math. (N.S.) 19 (1993),
no.1, 31-80.
[15] M. Noumi, H. Yamada, K. Mimachi, Zonal spherical functions on the quantum homogeneous space
SUq (n+ 1) /SUq (n), Proc. Japan Acad. Ser. A Math. Sci. 65 (1989), no. 6, 169-171.
[16] N.J.A. Sloane, Sequence A008949 in The On-Line Encyclopedia of Integer Sequences (2016).
[17] N.J.A. Sloane, Sequence A001792 in The On-Line Encyclopedia of Integer Sequences (2016).
[18] H. Tagawa, q-analogues of determinants and symmetric chain decompositions, Tokyo J. Math. 16
(1993), no.2, 311-320.
[19] H. Tagawa, A multivariable quantum determinant over a commutative ring, RIMS Koˆkyuˆroku 765
(1991), 91-103.
[20] K.-W. Yang, q-determinants and permutations, Fibonacci Quart. 29 (1991), no.2, 160-163.
[21] Wolfram Research, Inc., Mathematica, Version 10.3, Champaign, IL (2015).
THE µ-PERMANENT, A NEW GRAPH LABELING, AND A KNOWN INTEGER SEQUENCE 7
Department of Mathematics, Kuwait University, Safat 13060, Kuwait
E-mail address : milica@sci.kuniv.edu.kw
Department of Mathematics, Kuwait University, Safat 13060, Kuwait
E-mail address : carlos@sci.kuniv.edu.kw
Departamento de Matema´tica, Universidade de Aveiro, 3810-193 Aveiro, Portugal
E-mail address : antoniop@ua.pt
